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We consider a two-component Bose-condensed mixture characterized by positive s-wave scatte-
ring lengths. We assume equal densities and intra-species interactions. By doing the Bogoliubov
transformation of an effective Hamiltonian we obtain the lower energy magnon dispersion incorpo-
rating the superfluid entrainment between the components. We argue that p-wave pairing of distinct
bosons should be accompanied by self-localization of magnons and formation of a magnetoroton. We
demonstrate the effect on a model system of particles interacting via step potentials.
PACS numbers: 71.35.Lk
A roton, as initially postulated by Landau [1], is a
dip in the energy dispersion of small-amplitude oscilla-
tions of the superfluid density. Rotons are ubiquitous in
quantum liquids being close to solidification [2–6]. In ga-
seous Bose-Einstein condensates of atoms and excitons
in semiconductors the roton may be mimicked by sof-
tening the contact part of the interaction and adding
long-range dipolar repulsion [7–10]. Upon compression
the dipolar condensate was predicted to transform into
the supersolid : a lattice with macroscopically populated
sites which combines the properties of a crystal and a
superfluid [9, 10]. Quest for this exotic state of matter
has been at the frontier of the quantum physics over the
past years [11–13].
Even richer phenomenology is expected for binary Bose
mixtures. In addition to the familiar phonon mode, the
spectrum of a mixture is known to contain the magnon
mode, which corresponds to the out-of-phase fluctuations
of the components [14, 15] :
εm(p) =
√
~2p2
2m
(
~2p2
2m
+ 2n[g↑↑(p)− g↑↓(p)]
)
, (1)
where we have defined gσσ′(p) ≡ −4pi~2/mfσσ′(p) with
fσσ′(p) being the (on-shell) scattering amplitudes of two
particles in vacuum. Here, and in what follows, we assume
positive s-wave scattering lengths aσσ′ = −fσσ′(0) > 0
and identical intra-species interactions, g↑↑(p) ≡ g↓↓(p),
which implies equal densities of the components n↑ =
n↓ ≡ n in the thermodynamic equilibrium. The free-
particle form of Eq. (1) at a↑↑ = a↑↓ corresponds to the
vanishing spin-wave velocity cs =
√
4pin(a↑↑ − a↑↓)~/m
and reflects the analogy of the SU(2)-symmetric system
to a Heisenberg ferromagnet [16]. For g↑↑(p) < g↑↓(p)
the components tend to spatially separate. This so-called
immiscibility transition may occur either at p = 0 [17–
19] or at p 6= 0 [20]. Similar to the roton softening of
the density mode, the latter case requires increasing n
above some critical value. Note, that the p = 0 tran-
sition may also show periodic textures due to faster
growth of instabilities with wavevectors p ∼ m|cs|/~
[21]. Whereas such transient phenomena can be observed
in condensates with contact interactions [22, 23], reali-
zation of a stable ”roton immiscibility” would require
momentum-dependent pseudo-potentials. As in the case
of supersolids, the incumbent candidates are dipolar spe-
cies [23, 24].
The important new ingredient in the theoretical des-
cription of Bose mixtures as compared to scalar conden-
sates is the p-wave scattering of distinct species. As we
show in this Letter, the p-waves are not fully accounted
for by the textbook formula (1). As a result, the physics
of magnons outlined above misses the polaronic effect,
which was recently shown [25] to be responsible for the
superfluid entrainment (“quantum friction”) between the
components [26]. The effect becomes significant on ap-
proaching a p-wave resonance from the attractive side.
By using a properly generalized Bogoliubov transforma-
tion we obtain at p→ 0
ε∗m(p) =
√
~2p2
2m∗
(
~2p2
2m∗
+ 2n[g↑↑(0)− g↑↓(0)]
)
, (2)
where
m∗ =
m
1− 12pin|υ| , (3)
with υ < 0 being the p-wave scattering volume. The ma-
gnon drags surrounding particles, which increases its ef-
fective mass. As n approaches the critical value n
(1)
c =
(12pi|υ|)−1, the mixture becomes dynamically unstable.
The result (3) thus suggests a new mechanism for the
phase separation : self-localization of magnons. The self-
localization may also occur at a finite momentum : the
bare magnons with energies closer to the resonance exhi-
bit stronger entrainment and may achieve zero group ve-
locity at n
(2)
c < n
(1)
c . We call the corresponding dip in the
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2dispersion curve magnetoroton. In contrast to the roton
immiscibility, the magnetoroton does not require going
beyond the contact interactions. Another compelling pro-
perty is that in addition to the polarization, the new
quasiparticle carries also an angular momentum. A hy-
pothetical self-localized magnon crystal might compete
with (if preclude) the finite-momentum atomic-molecular
and spinor molecular superfluids [27]. We illustrate the
self-localization of magnons on a model system with step
two-body potentials. Step-like potential is a simple and
yet insightful approximation widely employed in studies
of the roton phenomena [28–31]. The model allows ana-
lytical mean-field description of all relevant regimes : the
Landau roton in the density mode, roton immiscibility
and the self-localized magnetoroton.
We first give the derivation of the general result (2)
and discuss the underlying physics in more detail. The
second-quantized Hamiltonian of the system reads
Hˆ =
∑
p,σ
~2p2
2m
aˆ†σ,paˆσ,p+
1
2V
∑
p1,p2,q,σ,σ
′
aˆ†σ,p1+qaˆ
†
σ′,p2−qVσσ′(q)aˆσ,p1 aˆσ′,p2 .
(4)
Here Vσσ′(q) are the Fourier transforms of the micro-
scopic two-body potentials and the boson operators aˆσ,p
obey the commutation relations
[aˆσ,p1 , aˆ
†
σ′,p2 ] = δσσ′,p1p2 . (5)
To study the low-energy properties of the model (4) we
employ the effective Hamiltonian
Hˆ∗ =
∑
p,σ
~2p2
2m
aˆ†σ,paˆσ,p +
1
2V
∑
k,p,q,σ,σ′
aˆ†σ,k+paˆ
†
σ′,k−pgσσ′(p, q)aˆσ,k+qaˆσ′,k−q, (6)
where we have defined gσσ′(p, q) ≡ −4pi~2/mfσσ′(p, q)
with fσσ′(p, q) being the off-shell scattering amplitudes
of two particles in vacuum. In the limit of weak interac-
tions the Hamiltonian (6) correctly reproduces the col-
lective behaviour of a mixture revealed by the general
diagrammatic theory [25]. To zero order one may replace
aˆσ,0 by the c-numbers
√
N↑ =
√
N↓ =
√
N and find E0 =
1/2nN [g↑↑(0, 0)+g↑↓(0, 0)] and µ = n[g↑↑(0, 0)+g↑↓(0, 0)]
for the condensate energy and chemical potential, respec-
tively. By retaining the quadratic terms in the operators
aˆσ,p with p 6= 0 and applying the Bogoliubov transfor-
mation, one obtains the elementary excitation spectrum,
the major focus of this paper :
ε∗ph(p) =
√(
~2p2
2m
+ n
[
2g+↑↑
(
p
2 ,
p
2
)
+ 2g+↑↓
(
p
2 ,
p
2
)− g↑↑(0, 0)− g↑↓(0, 0)])2 − n2 [g↑↑(0,p) + g↑↓(0,p)]2 (7a)
ε∗m(p) =
√(
~2p2
2m
+ n
[
2g+↑↑
(
p
2 ,
p
2
)
+ 2g−↑↓
(
p
2 ,
p
2
)− g↑↑(0, 0)− g↑↓(0, 0)])2 − n2 [g↑↑(0,p)− g↑↓(0,p)]2, (7b)
where
g±σσ′(p,p) =
1
2 [gσσ′(p,p)± gσσ′(p,−p)]. (8)
For identical intra- and inter-component interactions
Eq. (7a) turns into the Beliaev result for the phonon
mode of a scalar condensate [3]
ε∗ph(p) =√[
~2p2
2m
+ 4ng+
(
p
2 ,
p
2
)− 2ng(0, 0)]2 − 4n2g2(0,p),
(9)
whereas the lower branch (7b) takes the ”ferromagnetic”
form
ε∗m(p) =
~2p2
2m
+ 2n[g
(
p
2 ,
p
2
)− g(0, 0)]. (10)
The proper combination of the effective potentials g(p, q)
in (9) captures the short-range correlations which build
up the Landau roton in the strongly-correlated regime
[3, 33, 34]. As the gas parameter na3 approaches the
unity, the phonon dispersion first develops an inflection
and finally a maximum followed by a minimum. Accor-
ding to Feynman [2], the roton wavefunction in the confi-
guration space may be compared to that of a slow impu-
rity particle pushing through the dense media. One may
notice, that it bears a resemblance to the Landau-Pekar
3ansatz for a self-localized electron in a polar crystal [35].
Their description was subsequently adopted to a Bose
polaron in the strongly-coupled regime [36]. It is thus
tempting to associate crystallization of a superfluid with
self-localization of rotons.
Although some signatures of strong correlations in the
spectrum of a dilute BEC have been detected [37], the
appealing scenario postulated above is likely to be hin-
dered by quantum fluctuations. Smallness of the quan-
tum depletion of the condensate requires na3  1. The
leading correction to the quasiparticle mass in this limit
comes from the second order of the Bogoliubov approach
due to interaction of the roton with a virtual cloud of
phonons. In the Feynman language this corresponds to
adding a ”backflow” of particles analogous to a vortex
ring [38–40]. The correction is directly proportional to
the quantum depletion of the condensate.
The situation is very different for the magnon branch
(10). Here, not only the s-waves, but also p-waves contri-
bute to the renormalization of the quasi-particle mass.
This offers a possibility to explore strong polaronic effects
at small na3 by means of an interspecies p-wave Feshbach
resonance. Close to the resonance the second term in Eq.
(10) is governed by the effective range expansion for the
p-wave scattering amplitude [41] :
fp(k) =
k2
−υ−1 + k0k2/2− ik3 . (11)
The p-wave scattering volume scales as υ ∼ −1/ν, where
ν is the detuning. We are only concerned with ν > 0,
since at ν < 0 a thermodynamically stable many-body
phase would be a spinor molecular superfluid [27]. Assu-
ming |υ|  a3 and taking fp(k) = −υk2 at k → 0 one
obtains
ε∗m(p) =
~2p2
2m∗
, (12)
where m∗ is given by Eq. (3). This is in stark contrast
with what one would expect on the basis of Eq. (1) :
the latter predicts the free-particle dispersion with the
bare mass m. The magnon core can also be dressed by
”backflow” currents [25, 42], but the corresponding cor-
rection would be negligible in the typical experimental
conditions [43].
Along the same lines, one may derive Eq. (2) from
(7b). Increasing the density results in dramatic enhan-
cement of the magnon mass, so that the spin-wave velo-
city c∗s =
√
4pin(a↑↑ − a↑↓)~/m∗ may approach zero at
a↑↑ > a↑↓, i.e. in the region of the standard miscibility
defined by Eq. (1). Basing on the results of Ref. [44] we
may postulate that self-localization of magnons represent
the nucleation process for a new phase separation tran-
sition. At sufficiently large |υ| (small ν) this transition
may occur at p 6= 0 : the magnons with energies closer to
the pole of the scattering amplitude (11) exhibit stron-
ger entrainment due to pairing of distinct particles. As
Figure 1. The magnon dispersion (7b) calculated for the step
interaction potentials (14). The inter-component interaction
contains a p-wave resonance. In stark contrast with the predic-
tion of Eq. (1), the spin-wave velocity calculated by using the
formula (7b) vanishes, as the density approaches the critical
value defined by Eq. (3) (upper panel). The values of para-
meters are α = 2.7, β = 2.7, σ = 0.5, nR3a = 0.01 (dashed
line) and nR3a = 0.1746 (solid line). At larger values of the p-
wave scattering volume [smaller detuning (17)] the dispersion
develops a minimum (lower panel). Here α = 3, β = 3.12,
nR3a = 0.0001 (dashed line) and nR
3
a = 0.0033 (solid line).
The inset shows a unit cell of the hypothetical magnon crys-
tal (in the cross-section). The two components occupy two
different regions in space : inner circles and the surrounding
area. Surrounding circles with arrows indicate directions of
spontaneous currents.
one increases the density above n
(2)
c ∝ ν/|υ|, the disper-
sion (7b) develops a minimum, which eventually touches
zero. In the relevant limit υk30  1 the position of the
magnetoroton scales as
pr ∼
√
ν. (13)
In contrast to the Landau-Feynman rotons, the core of
the magnetoroton should posses an angular momentum.
Pairing of the components is known to result in a spinor
molecular superfluidity when crossing the resonance [27].
The phase separation precludes formation of the mole-
cular condensate. Instead, one may imagine a lattice of
one component surrounded by circulating currents of the
other. Long-wavelength structures could correspond to
4formation of bi-rotons and larger roton complexes. A unit
cell of the magnon crystal is schematically illustrated in
the inset of Fig. 1. The direction of the current flow alter-
nates, so that the total angular momentum of the system
remains equal to zero.
To illustrate the general arguments given above, we
take the model two-body potentials
Vσσ′(r) =
{
Uσσ′ , r 6 Rσσ′
0, r > Rσσ′ ,
(14)
where we let U↑↑ = U↓↓ ≡ Ua, U↑↓ ≡ Ub, R↑↑ = R↓↓ ≡ Ra
and R↑↓ ≡ Rb. The useful dimensionless combinations
of parameters are α =
√
mUaR2a/~2, β =
√
m|Ub|R2b/~2
and σ = Rb/Ra. For one-component condensates step po-
tentials have been extensively used to simulate the roton
phenomena in weakly-interacting systems [29, 30]. The
radius R of the potential may greatly exceed the average
inter-particle distance n−1/3 at the expense of the poten-
tial barrier U , which must be small in order to fulfil the
criterion of weak interactions na3  1, where a ∼ αR. At
k ∼ R−1 the scattering amplitude takes negative values
which favours crystallization of the condensate density.
Such ”droplet crystals” with supersolid properties have
indeed been observed in numerical simulations in 3D, 2D
and 1D geometries [30–32].
For two-component mixtures the limit of large nR3σσ′
and small Uσσ′ also contains the roton immiscibility pre-
viously predicted for dipolar systems [20]. Our calcula-
tions show, that the effect of entrainment is negligible in
this case. Various contributions in (7b) at p → 0 cancel
each other and we find m∗ = m, so that one may safely
use the familiar expression (1) [where gσσ′(p) can be ta-
ken in the Born approximation]. At Rb < Ra approaching
the standard p = 0 phase separation transition and in-
creasing the density results in appearance of a roton-like
minimum at
pi ∼
√
δ, (15)
where the dimensionless parameter
δ = 1− βRb/αRa (16)
shows how far we are from the miscibility boundary (de-
fined by δ = 0). More detailed account for the roton im-
miscibility in a gas of soft spheres will be given in a sepa-
rate paper. Here we only aim to demonstrate a profound
difference of this phenomenon from the magnetoroton,
unpredicted within the formula (1).
The magnetoroton does not require long-range interac-
tions, which in our toy model have been mimicked by let-
ting Rσσ′ ’s be macroscopically large. Instead, one needs
to enhance the polaronic effect. This can be done by ta-
king Ub < 0 and choosing the parameter β such that
there is a bound state (and a↑↑/↓↓ > a↑↓ > 0). The cen-
trifugal barrier for the scattering of particles with l = 1
transforms this state into a p-wave resonance with posi-
tive energy and finite lifetime. The resonance absorbs the
p-wave scattering-state wave function into the core of the
interaction potential, thus inducing strong quantum fric-
tion between the components. The strength of the effect
is governed by the detuning [45]
ν = pi2 − β2 (17)
according to the general consideration given below Eq.
(11). In Fig. 1 we show first the situation, where self-
localization occurs at p = 0 (upper panel), and then the
case of the scattering volume |υ| being sufficiently large
to feature the magnetoroton (lower panel). The position
of the magnetoroton scales with the detuning [Eq. (13)]
and, in contrast to the roton immiscibility [Eq. (15)], is
not sensitive to the proximity to the phase separation
boundary. The new phenomena occur in the dilute re-
gime : both Landau rotons in the density mode and roton
immiscibility would require far larger values of nR3.
Interspecies p-wave Feshbach resonances have been
predicted for 85Rb-87Rb mixture [46]. Subsequent expe-
riments on this system revealed formation of alternating
domains of single-species condensates [47]. Other possible
settings to check include dipolar atoms, molecules [48]
and excitons [49] in bilayers. In the latter case the ef-
fects of the reduced dimensionality should be taken into
account [25].
Self-localized magnetorotons constitute a new class of
quasiparticles which combine the properties of a polari-
zation wave with those of a Bose polaron. Their beha-
viour is governed by p-wave interactions, which can be
made strong without destroying the condensate. This is
in contrast to the usual rotons in the strongly-correlated
He II and single-species Bose-Einstein condensates close
to unitarity. The magnetoroton carries an angular mo-
mentum, a fingeprint of the spinor molecular superflui-
dity [27, 50]. Phase separation associated with the ma-
gnetoroton instability precludes formation of the paired
condensate. Instead, the microscopic angular momenta
may transform into circulating currents in a hypothetical
magnon crystal. This new state of matter would furnish a
spectacular visualization of a duality between the crystal-
lization phenomena in quantum liquids and the physics
of a Bose polaron.
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